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We investigate low-energy properties of a generalized spin 
ladder model with both of the spin alternation and the bond 
alternation, which allows us to systematically study not only 
ladder systems but also alternating spin chains. By exploit- 
ing non-linear a model techniques we study the model with 
particular emphasis on the competition between gapful and 
gapless states. Our approach turns out to provide a more 
consistent semi-classical description of alternating spin chains 
than that in the previous work. We also study a closely related 
model, i.e., a spin chain with plaquette structure, and show 
that frustration causes little effect on its low-energy properties 
so far as the strength of frustration is weaker than a certain 
critical value. 



I. INTRODUCTION 

Recent extensive experimental and theoretical investi- 
gations on spin chains and ladders have been providing a 
variety of interesting topics. A typical example is a spin 
ladder system with and without impurities. ||l|-^ It has 
been revealed that the impurity effects give rise to dras- 
tic changes in the ladder system, e.g., a gapful spin state 
could be driven to a gapless state, and consequently lead 
to a magnetic ordered state. Another example is a spin- 
Peierls system such as CuGeOa, for which the effects of 
frustration and bond alternation, as well as impurities, 
play a crucial role. |^,|| Also, a mixed-spin chain with 
alternating array of two kind of spins have stimulated 
intensive experimental and theoretical ||7|-[l0|] studies. 
The alternating spin chain may be regarded as a high con- 
centration limit of magnetic impurities in ordinary spin 
chains, so that this problem has close relationship to the 
above-mentioned spin systems with impurities. A com- 
mon feature in these problems is how the gapful and gap- 
less states compete with each other, providing a variety 
of interesting phenomena. In this connection, a spin sys- 
tem with plaquette structure is also interesting, 1 1 1 - 14] 
for which one can indeed observe how the spin gap is gen- 
erated according to a topological nature of the system. 

Motivated by the above stimulating topics, we inves- 
tigate in this paper a quantum spin ladder model with 
both of the spin alternation and the bond alternation. 
This system may be referred to as a "mixed-spin ladder" . 
What is remarkable is that this model allows us to sys- 
tematically study spin ladders, alternating spin chains, 
and spin chains with periodic array of magnetic impu- 



rities. We take a non-linear a model (NLcrM) approach 
to describe low-energy properties of the model, and fo- 
cus particular attention on the competition between gap- 
ful and gapless states. Also, we study a closely related 



model, i.e., a spin chain with plaquette structure, 14 
which can be naturally constructed from a particular 
mixed-spin ladder model. This model is also instructive 
to discuss the gap formation in quantum spin systems. 

The paper is organized as follows. In §2, we first intro- 
duce the model system, and map it to the NLcrM by tak- 
ing the continuum limit. We discuss in §3 the properties 
of two- and three-leg ladder systems with paying par- 
ticular attention to the relationship to alternating spin 
chains, and then move to many-leg ladder systems to 
discuss spin chains with a periodic array of magnetic im- 
purities. In §4 we next investigate a plaquette spin chain 
with frustration, and show that frustration little affects 
low-energy properties when its strength is weaker than a 
certain critical value, being consistent with recent numer- 
ical findings. Brief summary is given in the last section. 



II. MAPPING TO THE NON-LINEAR a MODEL 

We consider a n;-leg mixed-spin ladder system with 
the bond alternation, which is described by the following 
Hamiltonian 

N ( ni 
3 = 1 U=l 

+ ^ JX,, • , (2.1) 

a=l J 

where N is the number of lattice sites for each chain, and 
Sa. j is the spin operator at the j-th site of the a-th chain. 
Here 7a is the bond-alternation parameter, and Ja and 
J' denote the intraleg and interleg coupling constants, 
respectively. Throughout this paper we assume that the 
spin have different values for different chains, but the 
same value Sa in the same chain. In Fig.l, we have drawn 
the ladder model schematically. Since we deal with the 
case of J a, J' > 0, and —1 < ja < 1, the classical mini- 
mum of the Hamiltonian eq. (2.1) is realized in the Neel 



state. What is most distinct from ordinary spin ladders is 
that the present system includes not only the bond alter- 
nation, but also the spin alternation. This generalization 
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thus allows us to study interesting spin chains in some 
limiting cases. For example, setting Ja = 0(1 < a < ni), 



7i = 1, and 7„, = —1, the model eq. (2.1) reproduces 
an alternating-spin chain with the periodic arrangement 
of spins si o S2 o ... o o s„, o ... o S2 o sx- Moreover, if 
we further take a large ni limit for the ladder composed 
of a chain with spin-S2 and all other chains with spin-si, 
the Hamiltonian can be reduced to the spin-si chain with 
a periodic array of dilute spin-S2 impurities. pO| In this 
way, by choosing appropriate parameters for the number 
of legs ni , the spin Sa and strength of bond-alternation, 
the mixed-spin ladder model naturally interpolates vari- 
ous interesting spin systems which have been intensively 
studied recently. We note that a similar but different 
ladder system with spin alternation has been discussed 
for the two-leg case. |l^ 

In the following we shall map the system to the NLcrM 
and discuss its low-energy properties. To this end, it is 
convenient to exploit techniques in coherent-state path 
integral formalism. Since the detail of the formulation 
can be found in standard text books [ p^ and also in 
recent papers p^ , pT| -p9[, we briefly summarize how to 
apply techniques to the present model. The partition 
function in this system is given by 



where 



uj[n] = / dr(^(l-cos6'), 

^0 



(2.2) 



(2.3) 



N ( ni 

^(^) = E E J-'l [1 + i-^y^-] ns) ■ naij + 1) 

j=l [a=l 

+ J2 J'SaSa+Mj) ■ fla+lU) \ ■ (2.4) 
a=l J 

In the above expression we have introduced the unit 
vector flaij) by Saj = Sa^aij), where ft = 
(sin 6 cos (fi, sin 9 sin (p, cos 9). The term uj[n] is the Berry 
phase which corresponds to the solid angle enclosed by 
the vector rj on unit sphere. In our semi-classical ap- 
proach, it is assumed that the spin wave analysis can 
correctly describe low-energy modes at wave vectors near 
and near the ordering wave vector tt. Then, fla may 
be written as 



f^a(j)-(-ir+-'0,[l-'a(j)]'^'+ia(j) 



(2.5) 



The staggered field c(>j in eq. ( |2.5| ) , which corresponds to 
the component around tt, is slowly varying field on the 
scale of lattice spacing. We have assumed here that the 
field (f)j does not depend on the index a, which implies 
that the spin correlation along rungs is sufficiently strong 



so as to develop the coherence in this direction; i.e., ^ ^ 
niaQ, where ^ is the staggered spin correlation length 
and flo is the lattice constant. The other field, la{j), is 
small fluctuation field around k ~ 0: |Z| ^ 1. As is 
seen below, the introduction of the a-dependence for the 
field I improves our semi-classical approximation. The 
constraint J^a(j) = 1 is now re plac ed by </)^ — 1 and 



4>j • 'a(j) = 0. Substituting eq. ( |2.5| ) into eq. ( p.4[ ) and 
making the expansion up to quadratic order in Z, (p' , and 
(p, we obtain the action in the continuum limit 



+ ^ laLabh + ^ gJa •</>'}, 



(2.6) 



a,b 



where the lattice constant is taken as unity. For later 
convenience, we have introduced the parameters K, g, 
and L which are given in terms of microscopic parameters 
in our model. Their explicit forms will be given in the 
following sections. We next take the continuum limit of 
the Berry phase term, which results in an ordinary form. 



<5b = i^SaUj[^a{j)] 



= -i9'Q - isi / dx r dr V fah -cPxcj), (2.7) 

where 9' = 2^ ^^'^ (-l)-s„ /* = (1, "2, ag, ...), and 
ctm = Sra/sx. The valuc Q in eq. ( |2.7| ) is the winding 
number defined by Q = -jz J dx J drtf) ■ (</)' x 0). Inte- 
grating eqs. (2.6) and ( |2.7| ) over the fiuctuation fields I, 
we thus end up with the NLctM with topological term, 



Z 



where 



D0exp 



1 

2^ 



dx I dr Us0'" H 4> 

V 

(2., 



9 = 9' + 2^sig*L-V, 



-1/2 



Vs = JlSi 



(2.9) 



This completes the basic formulation in our semi-cl assi cal 
approach. Note that the topological term in eq.(2^) is 
quite essential to classify the behavior of the system; It 
is known that the system with 9 = 7r(mod27r) is gapless, 
whereas the system with 9 ^ 7r(mod27r) is gapful. Indeed 
in our analysis, this topological term plays a central role 
to specify whether the system is gapful or gapless. In the 
following sections, we deal with some interesting exam- 
ples of the model, and discuss their low-energy properties 
based on the NLaM approach. 



2 



III. SPIN LADDERS AND ALTERNATING SPIN 
CHAINS 

A. Two-leg ladders 



B. Three- leg ladders 



We now turn to a three-leg ladder system. For 
ni = 3 the parameters for the NLcrM read K ~ 
1 + alR2 + alR3,e' = -2 

2 P„„,. /I„,2 p \ -et 



Let us start with a two-leg ladder system. For n; = 2, (47i; -4a2-R272, 4a3i?373), / 
we have the parameters for the NLctM, K = 1 + a\R2, 
g* = (47i,-4a^i?272), /* = (1,^2), and 



'I - S2 + S3), g = 
1, a2, as), and 



L = 



L = 



A + a2R' a2R' 
a2R' AalR2 + a2R' 



(3.1) 



where R2 = J2/J1 and R' = J'/Ji- /^From these expres- 
sions, we obtain 



6* = 27r(s2 - si) 



27rsi 



R' + 4^2 i?2 + alR'R2 



X {i?'(l - a2)(7l + "272-^2) + 4Q;2i?2(7l - "272)} • 

(3.2) 

In the case of 71 =72 = 0, the system is reduced to a 
ladder system without bond alternation, for which the 
topological term is given by e = 27r(s2 - si). There- 
fore, if either of the spin in the two chains has a half- 
integer spin, the system becomes gapless, otherwise the 
system is gapful. If we include the bond alternation, the 
system is gapful in general. 

Since essential properties for ordinary two-leg ladder 
systems have been already clarified, we focus our atten- 
tion on some characteristic cases, and confirm that our 
results consistently reproduce those derived previously. 
pO| , p^ Let us first consider the uniform spin case si = 
S2 = s, with a special bond-alternation 71 = —72 = 7, 
R' — R, and i?2 = 1- Then the system is reduced to 
an ordinary spin chain with the bond alternation (its 
structure is similar to a "snake chain"). In this case, 
we obtain the topological term with 9 ~ %tts^/{2 + R), 
which agrees with those derived by Delgado et al. fl8] 
Another interesting limit is the case of 71 = —72 — 1, 
R' ~ 2, R2 ~ I, and J — > J/2. In this case also, the 
system is reduced to a snake chain, but it becomes a 
mixed-spin chain with alternating array of spins, PpO) 
si o si o S2 o S2 o si o si o S2 o S2 o ■■■■ Here we have to 
change the lattice constant 1 ^ 2 to obtain the straight 
chain from the snake chain. Defining the effective spin 
s' = 2siS2/(si + S2), we have = 2tts', g = 2/s', and 
Vs = 2Js' . Therefore, the system is gapful in general 
except for special cases for which 6 — tt. It is seen that 
these results agree with those obtained directly from the 
single chain model. |ll0|| The coincidence is apparent since 
in the two-leg ladder system the way how the fluctuation 
Igjj) is introduced is the same as in the previous one 
pO| . In the following subsection, however, we shall see 
that our approach based on a generalized ladder model 
indeed improves a semi-classical description of alternat- 
ing spin chains. 



4 -I- a2R' aai?' 

a2R' 4a|i?2 + Q!2(l + aa)^' a2a3^' 
a2a3R' 4Q!3i?3 + a2a3R' 

(3.3) 

where R3 — J3/J1. 

Although our three-leg ladder model includes various 
cases according to the choice of the model parameters, 
we again focus our discussions on some interesting cases. 
We start with a simple case for which 71 = 72 = 73 = 7: 
three chains with different spins are simply connected. 
In this case, we can typically see how the topological na- 
ture of mixed spins shows up in low-energy physics. The 
corresponding topological term is reduced to the form. 



6l = 27r(si-S2 + S3)(7-l)- 



(3.4) 



An ordinary three- leg ladder is given by si = S2 = S3 = 
1/2, for which we have 9 = tt (mod 2tt) for 7 = 0, and 
hence the system becomes gapless, as is well known. For 
general 7, 9 takes values different from tt (mod 27r), re- 
sulting in the gapful phase. 

A remarkable point we wish to mention here is that 
there is a particular combination of spins, si -I- S3 = S2, 
for which the bond-alternation parameter 7 disappears 
from the expression of the topological term. For exam- 
ple, for the simplest case with si = S3 = 1/2, S2 — 1, 
which would be a possible candidate for experimental re- 
alization, we always have 9 = irrespective of the bond 
alternation. This is the remarkable result for which the 
topological nature of spins essentially determines whether 
the system is gapful or gapless, hiding the effects of the 
bond alternation. This implies that the Berry phase aris- 
ing from the bond-alternation cancels each other due to 
the simple spin configuration of the system. 

The second example we consider here is again a simple 
model with 71 = —73 = 1, 72 = 7, R3 = 1, ck2 = a, 
and as = 1, which indeed exhibits the interplay of the 
spin alternation and the bond alternation. In particular, 
in this model, the three-leg ladder system is reduced to 
a kind of plaquette chain (Fig. 2, see also the next sec- 
tion), for which a square plaquette is connected to its 
next plaquette sharing one of its corner alternately. We 
shall see that this system still possesses nontrivial inter- 
esting cases including the alternating spin chain. The 
topological term 9 has the form 



= 27rs2 



27rsia27i?2(4 - 2R' + aR') 
2R' + 4ai?2 + a2i?'i?2 ' 



(3.5) 



Let us now discuss whether the system is gapless or gapful 
according to the topological term. One can easily see 
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from ( p.SD that 9 takes values different from tt in general, 
resulting in a gapful phase. We find three possibilities 
to let 9 be equal to 27rs2, for which the system can be 
gapless for a half-integer S2- (i) R2 = 0, (ii) 7 = 0, and 
(iii) R' = 4/(2- a). 

In the case of (i) our model is further reduced to the 
alternating spin chain, si o si o S2 ° si o si o S2--- with 
singlet ground state. Setting R' = 2, Ji — > Ji/2, and the 
lattice constant 1 ^ 3, we obtain the parameters 



(3.6) 
(3.7) 



We have numerically checked that the velocity Vg coin- 
cides with the velocity which is estimated by the 
spin wave analysis. In contrast to this consistent result, 
when the NLcrM techniques are naively applied to a sin- 
gle chain model, pO[ | one may encounter a pathological 
result for which Vg and Vsw have different values. This 
implies that the present approach improves the previous 
one, and provides a NLctM mapping consistent with the 
spin wave analysis. 

The results in the case (ii) are rather simple, in which 
the system is decomposed into two parts: One is the 
dimer part which has singlet state of two si spins, and 
the other is the spin-S2 chain. The critical behavior is 
thus determined by the S2-spin chain. We have to note, 
however, that in this case our approximation based on a 
NLcrM becomes worse, because in our approach the spin 
coherence is assumed to be well developed among chains, 
whereas in this limiting case such coherence is not devel- 
oped. So, the present approach may describe only the 
qualitative properties in this limiting case. Lastly, we 
point out a novel behavior observed in the case (iii). It 
may be rather surprising that the topological term in this 
case is controlled only by the spin §2 in spite of the exis- 
tence of the bond-alternation 7, which is quite contrasted 
to the behavior observed in ordinary spin chains with 
bond-alternation 7, where the topological term should 
depend on 7. This phenomenon may come from the in- 
terplay between the bond alternation and the spin alter- 
nation. All the above three examples may give charac- 
teristic phenomena inherent in ladder systems with the 
spin alternation. 



C. Spin chains with magnetic impurities 



We start with the multiple ladder Hamiltonian (2.1) 
with ni = 2m + 1 which has the spin Sa = si (^2) for 
a ^ m + 1 {a — m + 1). Setting Jq = (1 < a < n;), 
2Ji = 2J„, = J' = J, 71 = 1, 7„, ~ —1, and redefining 
the lattice constant 1 — > in this model, we arrive at 
the spin-si chain with periodic array of spin-S2 impuri- 
ties. The case (i) in the previous subsection corresponds 
to m = 1. We analyze this model semiclassically as done 
before. As a result, we arrive at the NLcrM with topo- 
logical term 9 — 2tts2- Therefore, we can say that the 
system may be gapful (gapless) , when S2 is integer (half- 
integer), as is naturally seen ^from the topological nature 
of the system. This implies that well-separated S2 
spins correlate with each other making a narrow gapless 
band, even if the background spin si forms the Haldane 
gap. 

As mentioned above, our approach yields qualitatively 
correct results even for the case of dilute impurities. Now, 
the question is how consistent the present NLaM ap- 
proach is. For this purpose we have numerically checked 
again that the velocity Vg in the m —^ 00 limit agrees with 
Vsw deduced from the spin-wave spectrum, although the 
ways to obtain the spin velocities seem quite different in 
two formulations. This implies that our treatment based 
on the NLcrM is, at least, a consistent semiclassical ap- 
proach even for the dilute-impurity case. As mentioned 
in the previous subsection, this indeed improves the pre- 
vious results obtained directly from the spin chain model. 
jlOf The reason why our treatment based on the ladder 
model has such advantage is as follows: In the ladder 
system the correlation effects between two adjacent S2 
spins in the same chain can be naturally taken into ac- 
count rather well. These two S2 spins are then reduced to 
two well-separated magnetic impurities in the spin chain 
model, for which the interference between them is quite 
essential for low- ene rgy properties. |Q If we start the 
single chain model, it is not easy to incorporate the 
correlation between largely separated spins. We would 
hence say that our approach based on the ladder system 
may provide a more efficient framework to incorporate 
such interference among magnetic impurities. It should 
be noted, however, that in order to discuss low-energy 
properties more quantitatively, it is necessary to inte- 
grate out the gapful degrees of freedom properly (si-spin 
sectors). This point should be further improved by tak- 
ing into account the quantum fluctuations more precisely. 
We believe that the method proposed recently should 
provide an efficient way to resolve this problem. 



We have seen so far that the mixed-ladder model allows 
us to naturally interpolate the physics of ladders and that 
of spin chains. Stimulated by this, we further extend the 
analysis of the case (i) to a larger ni case to discuss a spin 
chain with magnetic impurities. Although the spin chain 
with periodic impurities seems a little bit peculiar at first 
glance, it still involves some essential properties expected 
for ordinary impurities, as claimed in refs. [ p^ , pO| 



IV. PLAQUETTE SPIN CHAINS 

We have discussed so far how the gapful and gapless 
states compete with each other reflecting the topological 
nature of the system, the interaction strength, etc. In 
this connection, we now wish to discuss a closely related 
model, i.e., a spin chain model with plaquette structure, 
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which is also instructive to discuss how the spin gap for- 
mation occurs in quantum spin systems. As far as the 
spin gap formation is concerned, our system may be re- 
lated to two-dimensional plaquette spin systems studied 
extensively. We show that the universality class 

of the plaquette chain is the same as that of a mixed-spin 
ladder. 

The plaquette spin chain can be naturally constructed 
^from a three-leg ladder system. To see the way clearly, 
we start by observing how a n/-leg ladder system with 
uniform spin s, for which exchange coupling along the 
rungs is ferromagnetic {i.e. we choose J' < and J > 
0), can be unified into an effective single chain. As is 
well known, |^ low-energy properties of the system is 
identical with those for the single spin- riis chain. This 
can be explicitly shown by the NLcrM approach, and we 
arrive at the NLcrM with the effective intrachain coupling 
J/ni. The resulting velocity Vs = 2Js again turns out to 
be the same as Ugw obtained by the spin-wave analysis. 
It is to be noted that the value of J' does not appear in 
the parameters in the effective NLcrM within the present 
approximation. 

Based on the above observation, we now consider a 
specific spin ladder system composed of three chains with 
spins s, 2s, and s, respectively (see Fig. 3). Applying 
the idea outlined above, let us decompose the middle 
spin-2s chain into two spin-s chains with ferromagnetic 
interchain couplings. The effective four-chain system is 
now considered in the continuum limit. In order to map 
the system to the NLcrM, we introduce the sigma-model 
field as 

0.(j) = (™l)-+^0, [1 - llU)] + laU) (4.1) 

where — 1(0) for a — l,4(a — 2,3). The resulting 
NLcrM has following parameters 



K = 2 + 4i?2, 



(4.2) 



/4 



L = 



+ 2R' 
R' 
R' 




8i?2 



R' 
2R' 

Rz 
R' 



SR. 



R' 

i?3 

2R' 
R' 



R3 




47 



/ 1 





V-1 



(4.3) 



(4.4) 



Now, setting j — 1, R2 — 0, and redefining the lattice 
constant 1^3 and the couphng constant Ji Ji/2, 
we end up with the plaquette chain schematically shown 
in Fig. 3. The corresponding NLcrM has the 9 = 0, g = 
\/l + R'/s, and Vs — 3J's/y/l + R' . In this way, low- 
energy properties of our plaquette spin chain is naturally 
related to those of a mixed-spin ladder discussed so far. 



It is to be noticed that 9 is always zero, which implies 
that the plaquette spin system is in the gapful phase 
irrespective of the model parameters. Another remark- 
able point is that R3 does not enter in these parameters 
whether it is positive or negative. When R3 is nega- 
tive, namely, in the case of ferromagnetic coupling J3, 
the resulting gapful phase is naturally understood from 
the above discussions for the three-leg chain with spins 
s, 2s, and s. Namely, our plaquette spin chain belongs to 
the same universality class of the above three-leg ladder 
system with spins s, 2s and s. 

On the other hand, in the case of antiferromagnetic 
couphng i?3 > 0, the result is nontrivial, because the 
system is now subject to frustration in the plaquette. By 
using the case of i?3 > 0, we in turn have an opportu- 
nity to discuss the effects of frustration on our plaquette 
chain. For this purpose, we first note that the above gap- 
ful phase should be changed to another phase when the 
strength of frustration increases. Then, the question is to 
what extent this gapful phase is stable against the frus- 
tration. To check this point, we here recall that the spin 
wave spectrum should have a linear dispersion in order 
for the system to be mapped to the NLcrM. Keeping this 
fact in mind, we reexamine the spin wave spectrum for 
the present system. The behavior of the spin wave dis- 
persion for various values of R3 is shown in Fig. 4. There 
are four modes, one of which indeed shows a linear dis- 
persion in the low-energy regime. Let us now focus on 
the dispersionless mode, which is decoupled from other 
collective excitations and depends only on the coupling 
J3. It may contain key information about the stability 
of the system. Increasing the coupling R3 from the fer- 
romagnetic to anti-ferromagnetic regime, this mode goes 
downward uniformly, and finally reaches the p axis when 
i?3 = R'. Beyond this critical value, i?', the above spin 
wave excitations are not well-defined. Therefore we find 
that our NLcrM analysis of the plaquette spin chain holds 
valid only in the region i?3 < R' where the mapping to 
the NLcrM is allowed. 

A remarkable point we wish to stress is that the lowest 
spin-wave mode is not influenced by the change of the 
Coupling strength, implying that Vsw does not change. 
This is consistent with the above results for the NLcrM 
that i?3 does not enter in the model parameters. Summa- 
rizing the above facts, we come to the following conclu- 
sion: even if the coupling R3 in the plaquette is increased, 
the effect of frustration little affects the low-energy prop- 
erties of the model in the region for R^ < R' , at which 
the system may undergo a phase transition. We find this 
remarkable result to be consistent with the recent numer- 
ical studies on the plaquette spin chain. ||l^ Although 
in the present approach, we cannot say what happens 
beyond the critical i?', the numerical study |Q has pre- 
dicted that the system should undergo a first-order phase 
transition to enter another gapful phase. 
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V. SUMMARY 



mat/9609038, M. Sigrist and A. Furusaki: J. Phys. Soc. 



We have investigated low-energy properties of a spin 
ladder system with both of the spin alternation and the 
bond alternation, which has been shown to involve vari- 
ous interesting spin systems. In particular, we have dis- 
cussed how the gapless and gapful states compete with 
each other according to the topological nature of the sys- 
tem. Starting with the spin-wave analysis on the spin 
ladder system, and introducing fluctuation fields, we have 
mapped the system to the NLctM. By using the mixed- 
spin ladder systems composed of multiple chains, we have 
discussed characteristic properties of the alternating spin 
chain as well as the spin chain with magnetic impurities. 
We have found that our approach in the present study 
provide a more consistent semi-classical description for 
such spin chains than the previous work based on the 
single-chain model. 

We have also studied the plaquette spin chain, and 
shown that the system belongs to the same universality 
class of the three-leg ladder system composed of chains 
with spins s, 2s and s. The effects of frustration on the 
plaquette chain has then been investigated. It has been 
shown that the frustration little affects low-energy prop- 
erties when its strength is weaker than a certain critical 
value. 

In this paper, we have restricted our discussions to sev- 
eral specific spin models to demonstrate how the spin al- 
ternation and the bond alternation affects the low-energy 
properties. By extending and improving our treatments, 
we think that various interesting quantum spin systems 
can be described systematically in the same framework 
of the mixed-spin ladder system, which should be done 
in the future study. 
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FIG. 1. Mixed-spin ladder with the bond alternation. 



FIG. 2. A special model for the three-leg ladder system. 
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FIG. 3. (a)Spin ladder composed of three chains with 
spins s,2s, and s. (b) Corresponding four chain system (See 
the text). (c)Spin chain with plaquette structure. In the 
system (b) by choosing J2 = and 7=1, and redefining 
the coupling constant Ji Ji /2, we have the plaquette spin 
chain (c). 

FIG. 4. Spin-wave spectrum as functions of momentum 
p for J3 = —0.4(a), 0.8(b), and 1.0(c) with other parameters 
being fixed as s = 1/2, J = J' = 1, 7 = 1, and J2 = 0. 
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